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The method of Dashen is applied to the calculation of the E~-E° mass difference. Assuming that the
isoscalar electromagnetic form factors of the & are dominated by the w and ¢ poles and that the relevant
coupling constants satisfy certain SU(3) relations, approximate expressions for the required form factors
are obtained by comparison with the Stanford data on nucleons. The mass difference calculated with a crude
linear D function has the correct sign, but the magnitude is subject to large uncertainties, owing primarily
to the fact that the mE% coupling constant is very poorly known.

1. INTRODUCTION

BOUT two years ago Dashen and Frautschi! de-
veloped a method of calculation of electromag-
netic mass differences which gave excellent results for
the neutron-proton mass difference.? More recently, cer-
tain aspects of their method have been criticized.? With-
out entering into the debate we wish to point out that
a straightforward application of Dashen’s method to
the cascade particles under some additional assump-
tions described below gives a mass difference in qualita-
tive agreement with experiment.

Following Dashen,? we treat the = as a bound state
in the Py, I=4% channel in the =% system.* The quanti-
ties needed are then the w55 coupling constant, the iso-
scalar electromagnetic form factors of the &, and the D
function for % scattering in the Py, [=1 state. These
quantities are discussed in the next section, where SU (3)
is invoked to determine the relevant coupling constants.
It turns out that under reasonable assumptions the
Pauli form factor contributes considerably less to the
mass difference than the Dirac form factor.

2. THE FORM FACTORS AND
COUPLING CONSTANTS

The isoscalar electromagnetic form factor F1g(V) for
the nucleons has been discussed by Dashen and Sharp.®
Assuming w, ¢ dominance and that the w and the ¢ are
superpositions of an unperturbed member ¥ of a unitary
octet and a singlet B, it follows on diagonalizing the mass
matrix that®

| @)= cosf| ¥)+sind| B),

|w)=cosf| B)—sind| V),

* Supported in part by a National Science Foundation Institu-
tional Grant to Western Reserve University.
(I;éi.) F. Dashen and S. C. Frautschi, Phys. Rev. 135, B1190

2R. F. Dashen, Phys. Rev. 135, B1196 (1964).

3R. Sawyer (unpublished report); G. Shaw and D. Wong
(unpublished report); and G. Barton (unpublished report). See
also H. Fried and T. Truong, Phys. Rev. Letters 16, 559 (1966).

¢In a consistent SU(3) calculation the KA and K= channels
should also be taken into account. The thresholds of these chan-
nels, however, are some 160 and 230 MeV above the 7= threshold
(i.e., both are above the production threshold for =#). Since we
are using SU(3) here only as an aid in obtaining the electromag-
netic form factors, we shall neglect the effects of these channels.

5R. F. Dashen and D. Sharp, Phys. Rev. 133, B1585 (1964).
Their constants a and b are equal to our cosf and sing, respectively.
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with cosf=0.78, sinf=0.62, and that®
Fi5(N)=1— fywn/fr

cosOfsnn sin@fonn

f , ()
fr(l=t/mg)  fr(1—t/m?)
where
Sfonn=cosd fran-+sindfeny, 3
waN= COSOfBNN— SintYNN .
Comparing with the Stanford data,® one finds
fran/fr=1.15,
C050f¢>NN/fy= —1.04 y (4)

Sin@f‘.,NN/fy= —-2.19 y
so that Eqgs. (3) give

fBNN/fY": —3.58.

The isoscalar Dirac form factor for the Z is, in the same
approximation,

f1s(B)=1— frzz/fr

cosffozz

T fr(—t/m) fr(—t/m2)’

sinf ==

®)
with
Fomz=cosffrzz-tsinffpzz, fomz=cosdfpmz—sinffrzz.

Assuming that the meson-baryon coupling constants
satisfy SU(3) relations,” we have

fzz/ fr=fonn/fr=—23.358,
fraz/ fr=—(g/V3fr)(14+2)\), g=fown
fran/ fr=(g/V3fr) (@ —1)=1.15.

(6)

One more relation is needed to evaluate the two quan-
tities A and g/ fy. For this purpose we make the drastic
one-pole approximation for the isovector Dirac form

¢ E. B. Hughes, T. A. Griffy, M. R. Yearian, and R. Hofstadter,
Phys. Rev. 139, B458 (1965).

7J. J. de Swart, Rev. Mod. Phys. 35, 916 (1963). We follow his
notations with trivial modifications.
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factor of the nucleon?®:

fonn ' fonw
fo  foll—t/m®)’

The coupling constant f, is equal to 2fy/V3,58 so that
Ffonw/ fo=g/ fo=gV¥3/2fv. Comparison of (7) with ex-
periment then provides the necessary fourth relation
which together with (6) suffice to determine all the
coefficients in (5). The result is

242 ' 1.30
1—1t/mg? ' 1——t/m¢.,2.

Jir(V)=1— Q)

Fi5(8)=2.12—

(")

Since the Pauli form factor Fa5(f) is usually believed
to vanish for large ¢, we write in analogy with (2) but
without the constant term

sin@ SuNN
gr(1—t/m@)  gr(1—t/m.2)’

and a similar equation with N replaced by E. Using
again the data’® of Ref. 6, we obtain under assumptions
similar to those for F1g (i.e., all the relations above with
the f’s replaced by the g’s)

—2.29 ' 0.35
1—t/mg? I 1—t/my

cosf geNN

Fm(N)”“ ®)

Fog(E)~

©

Our method of determining the residues of the poles
in (5’) and (9) is clearly subject to large uncertainties.
The individual residues may be uncertain by about
30%, although the combined error may be considerably
less (see Ref. 12 below).

For the #E coupling constant we note that according
to SU(3), one has’

grzz’/gann®= (1—2a,)*. (10)
A recent analysis of the ¥;*(1385) by Martin! gave the
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value a,=0.75. Other analyses of meson-baryon scat-
tering give the estimate!

0.5550,<0.75, (11)
which corresponds to
0.01< grmx?/grnn*<0.25. (12)

Since w-Z interactions appear to be quite strong [ the
E*(1530) resonance occurs at ~70-MeV kinetic energy
in the =& system], it is unlikely that g.z=* can be down
two orders of magnitude from g.yx% The correct ratio
is probably much closer to the upper value 0.25 than
to the lower value 0.01.

3. THE MASS DIFFERENCE

The calculation of the E~-E° mass difference is es-
sentially the same as that of the neutron-proton differ-
ence,? apart from the fact that the isoscalar part of the
Pauli form factor here is not quite negligible as it is for
the nucleons. In the absence of reliable information on
the D function for 7-E scattering in the I=3%, Py
channel we make the crude linear approximation
D(W)=W—m, where m denotes the average mass of
the &’s. The relevant integrals can then be evaluated
without difficulty. Keeping in mind the possibility of
better determinations of the electromagnetic form fac-
tors in the future, we rewrite (5) and (9) in more general

form:
Fus(E) b c
18(2) =a+ f ,
I 1—¢/m.? I 1—t/mg?
B v
Fos(E)= 1 .
l—t/mwz 1—t/m4,2
Defining 64 to be A(I3=—3)—A(I;=+1%), and simi-
larly for the other dynamical quantities, we find that the
analog of the first term within the brackets of Eq. (4)
of Ref. 2 has the value!

atbte=1; (5"

9

1 SAWNDX(W"adWw’' —2q m2 In(m,/2u)—m,2 In(m,/2u)
=— = I—a-l-b-f—c-i-a In(m,/2u)+b d :
27D W' —m 3m L MmE—m,?
mg2 In(m,/2u)—m 2 In(me/2u)  fm,\2 M2 mg2 In(my/m,)
—_—" r (—) (ﬂ 1n(mw/mp)+~,;"——i—i):|, (13)
My?—m 2 m MmE—m 2 Mg2—1m 2

with D(W)=W—m and if the infrared divergence is
handled in the same way as Refs. 1 and 2. Owing to the
factor (m,/m)?=0.34, the contribution due to Fag is
considerably suppressed. Inserting the values of a, b, ¢,
and B, v, we have

=~—1.16a/m. (14)

8 M. Gell-Mann and F. Zachariasen, Phys. Rev. 124, 965
(1961). Their v, and y,nx are equal to half of our f, and f,nw,
respectively. (See also Ref. 5.)

9 The result of Ref. 6 for Fas is given in terms of two poles and
a small constant term which we neglect.

Taking into account kinematical singularities and =
exchange in the same approximation as Ref. 2, we find
that the mass difference is given by

0.337au(u/m) 0.035
I 2

10 B, R. Martin, Phys. Rev. 138, B1136 (1965). This paper con-
tains further references to other estimates of ay.

11 Qur result for the Dirac part differs from that of Ref. 2 by
a factor of £ owing to the fact that we did not make approximations
such as W+m=2m, etc., as did Dashen in certain parts of the
integral.

MeV, (15)

om=m (E-)—m(E0) =



-0
E"-R
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where fz is the renormalized 7wzz coupling constant:

fat fma\? gems?
() a2y, Gh=009;  (0)
N \m/ g.vn®
or
0.88
dm=————=35MeV for a,=0.75
(1—2a,)?
(Martin’s value), (17)

as compared to the experimental value dm= (6.5=1)
MeV. The expression (17) becomes catastrophically
large (88 MeV) if a,=0.55, which, as was noted in Sec.
2, corresponds to the highly unlikely case grzz?/g-nn?
=0.01. For 0.55<50,<0.75, Eq. (17) gives 3.5 MeV
<om<88 MeV, which is consistent with experiment.
In view of the crudity of the D function used and the
drastic assumptions made in extracting the form factors,
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an uncertainty on the order of a factor of 2 in the coeffi-
cient of (15) is probably not an overestimate. With the
choice D(W)=W —m, however, the sign of the mass
difference appears quite stable’? within the framework
of the Dashen-Frautschi method.
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12 To estimate the uncertainity in the mass difference due to
variations in the numbers g, b, ¢, etc., we obtained values of the
latter using the older Cornell data [K. Berkelman, in Proceedings
of the 1963 International Conference on Nucleon Structure (Stanford
University Press, Stanford, California, 1964), p. 45]. Some of these
values differ considerably from those given in (5') and (9). Upon
evaluating the mass difference, however, there is much cancellation,
with the result that & suffers only minor changes.
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The reciprocal relationship between conservation laws and symmetries is established for those theories
wherein the equations of motion are derivable from a variational principle. It is shown, for a general varia-
tional problem with arbitrary number of independent and dependent variables, that to every diver-
genceless vector there corresponds another which differs from it, in general, by terms that vanish when
the Euler-Lagrange equations are satisfied and which has the structure obtained by applying Noether’s
theorem to some symmetry transformation. Thus existence of a continuity equation implies some invari-
ance property of the variational problem (converse of Noether’s theorem). The Lagrangian is invariant,
in general, up to a divergence. Derivatives of dependent variables of any arbitrary finite order are allowed
to appear in the Lagrangian; it is assumed, however, that it does not contain independent variables ex-
plicitly. A systematic procedure is formulated to deduce the invariance property associated with a given
conservation law and is illustrated by some examples.

I. INTRODUCTION

N a previous paper! an attempt was made to prove,
in the Lagrangian formalism of local field theory,
that every conservation law has associated with it some
symmetry property of the (coupled) field system. An
analogous proof can, of course, also be worked out? in
particle mechanics. The proofs given in Ref. 1 and in a
previous work by Horn® have rather severe limitations.
Apart from assuming the existence of the space inte-
grals of the time components of the conserved currents,
they involve very restrictive assumptions about the
structure of the conserved quantities and of the Lagran-
gian. In this Paper we shall give a more general proof
whose scope has been outlined in the abstract.

. 1 Tulsi Dass, Phys. Rev. 145, 1011 (1966).
2 Tulsi Dass (unpublished).
$D. Horn, Ann. Phys. (N.Y.) 32, 444 (1965).

Instead of specializing to specific dynamical systems,
we shall speak of a general variational problem leav-
ing the nature of the variables unspecified. Indeed,
Noether’s theorem?~¢ itself deals with variational prob-
lems in general, without having any physics associated
with it. Like every other theorem in mathematics, it
becomes a statement of a physical law only when the
variables are identified with the dynamical variables of
some physical system.

In Sec. II we collect some useful formulas from the
calculus of variation. The next section contains the
above-mentioned proof of the converse of Noether’s

4 E. Noether, Nachr. Akad. Wiss. Goettingen, Math. Physik.
Kl. ITa, Math. Physik. Chem. Abt. 1918, 235 (1918).

8 E. L. Hill, Rev. Mod. Phys. 23, 253 (1951).

8 A. Trautman, in Brandeis Summer Institute in Theoretical
Physics, 1964 (Prentice-Hall, Inc., Englewood Cliffs, New Jersey,
1965), Vol. I.



